Introduction.
The aim of this paper is twofold: to establish orthogonal expansion as a convenient tool in the theory of Boolean algebra; and to render it useful in discussions concerning the structure of the system of mathematical logic particularly in the intrinsic meaning of quantifiers.
In Chapter I, we deal mainly with the orthogonal expansions of propositional polynomials, which are somewhat different from the conjunctive normalform and the disjunctive normalform of logical formulas(i) and are much more convenient to applications than them. Incidentally, our conclusion will be that any (generalized) truth function can be constructed by five operations: logical sum, logical product, negation, universal quantifier and existensive quantifier. Though our discussion is conducted with propositions, yet it should be made clear that the same procedure can be followed with Boolean algebra.
In Chapter II, we consider the structure of the system of mathematical logic. To understand this, let us observe the following fact.
Define the universal quantifier and the existensive quantifier by the axioms e)
$ ( We define recursively the notion of propositional polynomial (abb, pp) of the symbol $X$ :
, is a $pp$ .
If
$\mathfrak{y}\backslash 1(X)$ and $\mathfrak{B}(X)$ are $pp$ previously dhfined, then $?l(X)v\mathfrak{B}(X)$ , the sum of
The $X$ of a pp $9\backslash |(X)$ is called the variable of $(\backslash )l(X)$ , we regard this as the free $pf$ on $R$ . Let em (X) and $\mathfrak{B}(X)$ be two pp, then DEFINITION 4.
Proof. If $9\backslash 1(X)$ is a proposition or a $X_{x}$ , then the assertion is 
The definition of the negation of a tf, the sum of two tf, $\cdot$ . . are the same as definitions 2 and 2*. The set of all tf is denoted by $\mathfrak{T}$ .
Let $\mathfrak{A}(X)$ be a pp and $?l$ a tf, then we define a relation-:
By definition, $\mathfrak{A}(X)$ is equivalent to ?1, whenever $\mathfrak{A}-?1(X)$ .
LEMMA 2.
For any $pp\mathfrak{A}(X)$ , there $CO\gamma resp07^{\prime ds}p$ a $tf\mathfrak{A}$ such that of pp is as follows:
Moreover, we can define the tf on $\mathfrak{F}_{1}\times \mathfrak{F}_{-},$ $\times$ $\cdot$ .. $\times \mathfrak{F}_{k}$ . 
In $\mathfrak{F}$ logical equivalence is a congruence relation. Proof. This is a combination of the lemma 7, definitions 4 and 6. LEMMA 9.
$\sum_{Je\Phi x}lIX_{x}^{f_{x}}eR=1$ .
Proof. For any
Hence, by lemma 8,
LEMMA 10. Proof. $?\downarrow(X)\leftarrow^{\rightarrow}$ or $(X)=1\Leftrightarrow?1(X)=\sum_{J,\prime}\prod_{x}X_{l}^{f_{x}}$ (by lemma 9) 2) THEOREM 5.
The $corresp\sigma ndence$ Pt In this chapter, we discuss the structure of the system of "Pr\"adikatenkalk\"ul'' of HILBERT and $AcKERMANN(1)$ . \S 1. Quantifiers.
First, we shall consider the notion of deducibility. Take a formula $91_{x}$ which has no free variable other than $x$ . It is natural to consider that the deducibility of this formula is independent of the (1) Cf. $Hlr_{\text{ }}BERT$ and $A\circ KERMANN$ , loc. cit., pp. 55-57.
variable $x$ . Hence let the formula $(\sigma x)\mathfrak{A}_{t}$ . denote that $\mathfrak{A}_{x}$ is deducible, then we can consider that the former contains no free variables. We consider the symbol $(G)$ as a kind of quantiPer. Thus we have three quantifiers (V), $(E)$ and $(\sigma)$ . Moreover, these quantifiers have the property (I) of lemma I 1. Thus, we introduce the notion of formally defined quantifiers:
where $F,$ $G\in \mathfrak{F}$ and $P$ is a propositi\sigma n.
\S 2. Relations between characters of quantifiers.
Let $A,$ $E$ and $D$ be the characters of (V), (ZEI) and $(G)$ . Then we get LEMMA 1. Conversely, if i), ii) and iii) hold, then by direct calculation, it is easily seen that the quantifiers thus defined fulfil the postulates 1, $\ldots,$ $5$ .
